arXiv:1505.05498v2 [math.AP] 25 Nov 2015 


SCHAUDER ESTIMATES IN GENERALIZED HOLDER SPACES 


JONGCHUN BAE AND MORITZ KASSMANN 


Abstract. We prove Schauder estimates in generalized Holder spaces C”^(]R‘*). These spaces 
are characterized by a general modulus of continuity tp, which cannot be represented by a real 
number. We consider linear operators €. between such spaces. The operators £ under consid¬ 
eration are integrodifferential operators with a functional order of differentiability ip which, 
again, is not represented by a real number. Assuming that £ has ?/)-continuous coefficients, 
we prove that solutions u € to linear equations £u = / G satisfy a priori 

estimates in . 


1. Introduction 

Schauder estimates are a central tool in the study of classical solutions to differential equations 
with Holder continuous coefficients. In short, the idea of this approach is to view these equations 
on a small scale as perturbations to equations with constant coefficients. This approach allows to 
use ideas from potential theory when treating equations with variable coefficients. An exposition 
of this method can be found in any serious textbook on partial differential equations. 

For differential operators of second order, the main assertion in this field is an estimate of the 
form 

||tt||c2+“ < c(||n||co + ll/llc-) 

for all solutions u to elliptic equations of second order Lu = / [GT83, Theorem 6.2] with 
some positive generic constant c, depending on the ellipticity of L, the dimension d and the 
number a € (0,1). The order 2 and the value a are independent quantities in this estimate. 
The estimate holds for different values of a but, as shown in [Bas09, DK13, ROS14, JX14], it 
holds analogously for solutions to integrodifferential equations where the driving operator is an 
integrodifferential operator with fractional order of differentiability f3 € (0, 2). The prototype of 
such an operator is provided by the fractional Laplace operator (—which can be defined 
for u G by 

— {—A)^^^u{x)=Ci3^d j {u{x + h) — 2u{x) + u{x — Kj)\h\~'^~^ dh ^ (1.1) 

S'* 

where is an appropriate constant. Note that J^((—= |?|^-T(tt)(^), where T 
denotes the Fourier transform. Hence the name is “fractional Laplace operator”. 

The aim of this article is to prove Schauder estimates for a finer scale of function spaces and of 
operators at the same time. Let us explain this idea step by step. The Holder space is 

characterized by the number a G (0,1) which appears in the bound of the modulus of continuity: 

V G sup |u(x)| + sup < +00 
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We will study estimates in more general space where a function '0 : (0,1] —>■ (0, oo) 

is used to replace \x — y\°‘ in the above expression by ?/)(|x — ?/|). In this sense, we study a 
much finer scale of function spaces. This scale is of particular interest when studying mapping 
properties of integrodifferential operators because for them such scales turn out to be natural. 
Note that generalized Holder spaces have been studied in various settings and for very long. 
We mention several articles in Section 2 when we define and discuss these spaces. 

Schauder estimates for integrodifferential operators are proved in [Bas09, DK13, ROS14, JX14, 
KK15] in different contexts. Our approach is inspired by the straightforward approach in 
[Bas09]. We also make use of recent developments in potential theory obtained in [KKK13] 
when studying the translation invariant case. The new contribution of this work is twofold. 
On the one hand, we allow the integration kernels to have general singularities at /i = 0. On 
the other hand, we study the resulting a priori estimates in a much finer scale of function 
spaces. Although these developments could be approached separately, the main new finding of 
our work is that they naturally belong together. This phenomenon does not exist in the study 
of differential equations of second order. 

Let us first discuss the function spaces We assume limr_^o+'</’(^) = 0- order to 

describe the order of differentiability induced by a particular function ij;, we need to introduce 
two indices. We define indices and by 

= inf |q! € M|r — >■ is almost decreasing in ( 0 , 1 ]} , ( 1 . 2 ) 

= sup {a G ]R|r —>■ is almost increasing in ( 0 , 1 ]} . (1-3) 

See the definition for the almost monotonicity in Section 2. Note that if ?/; is a regularly varying 
function of order a G ( 0 , 1 ) at zero like i/^(r) = r" or i/^(r) = r"| ln(^)| we find = a. 

We denote the closed interval [m^, M^j by I^. This interval describes the range of the functional 
order of differentiability induced by ijj. For example, the condition C (0,1) implies that 
C'^’^(]R'^) C C^(]R'^) C C'™''^(]R‘^). On the other hand, cases n N 7 ^ 0 lead to well-known 
technical difficulties which we want to avoid. See Section 2 for a more detailed discussion of 
the spaces C'^(M'^) including appropriate norms. 

Our ultimate goal is to study integrodifferential operators which are not translation invariant, 
i.e., which have state dependent kernels. As it is usually done in the theory of Schauder esti¬ 
mates, we first study the translation invariant case, i.e., we study integrodifferential operators 
with constant coefficients. Since, in this case, our assumptions imply that these operators 
satisfy the maximum principle and generate Levy processes, we can employ techniques from 
potential theory. 

Let us define the integrodifferential operators under consideration. Let ip : (0, 00 ) ^ (0, 00 ) be 
a smooth function with ip{l) = 1. We assume that the function (j) defined by (p{r) = 
is a Bernstein function, i.e., satisfies (—l)”(^(”’)(r) < 0 for every n G N. Furthermore, we assume 
the scaling condition 


aiX^^(p{r) < 4>{\r) < a2X^^4>{r) (A > l,r G (0,oo)) (1.4) 

or, equivalently, 

oiA^^^(^(r) < (/?(Ar) < a2A^'^^<y9(r) (A > 1, r G (0, 00 )) (1.5) 

for some constants 0 < Ji < (I 2 < 1; oi G (0,1], and 02 G [l,oo). Typical examples are given 

by </5(s) = s" or ip{s) = s“ln(l -|- s^) for a, P,a + f3 G (0,2). In particular, we point out 

I^c[25i,252]. 
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Let ao be a measurable function on \ {0} into [Ai, A2] for some positive constants Ai, A2. 
In the case G [1,2) we define Cq by 

^ou{x) = + h)- u{x) - Vu{x) ■ d/i, (1.6) 

and in the case M^p € (0,1) by 

£ou(x) = + h) - M (1.7) 

for all continuous functions u : ^ M for which the integral is well dehned for every point 

X G Note that this domain T>{Cq) includes functions u G C'^(M'^) which we assume to 
be bounded. The class of operators Cq is significantly larger than those of (1.1). The main 
difference is that the order of differentiability of Cq is represented by the function ip and cannot 
be represented by a single number. Note that p may be chosen as not regularly varying at zero. 
As we will see, our scale of function spaces is well suited to formulate mapping properties 
of such operators. 

Our Schauder estimate for translation invariant operators reads as follows. 

Theorem 1.1. Let ip and ijj be functions described above. Suppose C (0,1) and C 
(0,1) U (1,2) U (2,3). There exists Ci such that for u G C'‘^’^(]R‘^) 0 Coo(lR'^) and f G C'’^(]R‘^) 
satisfying Cqu = f, the following estimate holds: 

||'w|lc¥”/> < C’ldl'ltllco + ll/llcV’)- 

We prove this result in Section 3 using a semigroup approach. In our proofs we benefit from 
ideas in [Bas09] and [KKK13]. Once Theorem 1.1 is established, we can use a perturbation 
argument to treat integrodifferential operators with variable coefficients a ; x —>■ [Ai, A2]. 
Let C be defined by 

>Cm(x) = {u{x + h)- u{x) - Vu(x) ■ hl||;j|<i}) dh (1.8) 

when Mp G [1,2) and by 

£«W = £(u(x + /,.)-„W)|jd^dft (L9) 

when Mp G (0,1) for all continuous functions u : —)■ M for which the integral is well 

defined for every point x G Note that this domain equals T>{Cq). The coefficient function 
a : X —>■ [Ai, A2] is assumed to satisfy 

sup sup |a(x + z,h) — a{x, h)\ < (|2:| < 1) (1-10) 

xgR'^ |/i|>0 

for some positive constant A3 > 1. This condition requires the function x 1—)• a{x,h) to be 
i/^-continuous uniformly in h. 

We have already mentioned that the dehnition of Holder and Holder-Zygmund spaces is delicate 
when the order of differentiability is an integer. In order to formulate our main result we need 
to exclude this case. We assume further: 

[mp^,Mp^]riN = $, Mp\/M.^<mp^. ( 1 - 11 ) 

Let us formulate the main result of this work. 

Theorem 1.2. Assume that, in addition to the assumptions of Theorem 1.1, condition (1.11) 
is satisfied. In the case 1 G Ip, we assume a{x,h) = a{x,—h) for all x,/i G M'^. Then there 
exists a positive constant C 2 such that for every f G and every solution u G C'‘^’^(]R‘^) 

to the equation Cu = / the following estimate holds: 

ll^^llcv^V' < C2(||^^||c0 + ll/llc'^’) • 
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Let US make a few comments. Note that Theorem 1.2 trivially implies Theorem 1.1. The 
assumption a(x, h) = a(x, —h) for all x,h € in the case 1 G is natural due to the 
appearance of the gradient term in the definition of C. Note that this assumption needs to 
be added to [Bas09, Corollary 5.2] in order for the corollary to be correct. The first part of 
(1.11) is natural and resembles the fact that Lipschitz function space is not equal to the space 
C'^(R'^). The other parts of (1.11) would vanish if we restricted ourselves to the (large) class 
of regularly varying functions ?/) and tp. 

It is important to note that the a priori estimate provided by Theorem 1.2 is the best possible. 
This follows from the mapping properties of £, which are given in the following theorem. We 
defer the proof of this result to Section 5. 

Theorem 1.3. Suppose that V + m^. Assume C. and a(-, •) satisfy (1.8) resp. 

(1.9), and (1.10). Furthermore, z/1 G we assume that a{x, h) = a(x, —h) for every x, h G 
Then the operator C is a continuous operator from C'‘^’^(M'^) to C'’^(M‘^). 

The article is organized as follows. In Section 2 we define and study the generalized Holder 
spaces C'^(M'^). The proof of Theorem 1.2 relies on a perturbation technique. First, we study 
the operator Cq which is obtained by “freezing” the coefficients via ao(/i) = a{xo,h) for some 
arbitrary but fixed point xq G M'^. In Section 3 we derive estimates on the transition density for 
the semigroup generated by Cq. Section 3 also contains the proof of Theorem 1.1. In Section 4 
we prove our main result, Theorem 1.2. The proof of Theorem 1.3 is given in Section 5. 


2 . Generalized Holder spaces 


In this section we define the function spaces C'’^(M‘^) and discuss several of their properties. 
Unfortunately, we are not able to use results from the literature despite an intensive search. 
Since generalized smoothness of functions and related function spaces have been studied for 
several decades, it is likely that the results of this section have been proved somewhere else. 
Let us mention only a very few expositions which might be valuable for the interested reader. 
A very early source is [BS56]. Several cases and results are established in [UL 68 , Gol72, KL87]. 
Some more recent works include [FL06, KN12] where many more references can be found. 

We denote by C'*^(M'^) the Banach space of real-valued, bounded, and continuous functions on 
equipped with the norm ||/||( 70 (Rd) = ||/||co = supj,g]Kd |/(x)| < oo. For m G N we denote 
by C'"(M'^) the Banach space of functions / G C°(M'^) with all derivatives D"<f G C'‘’(M‘^) for 
I 7 I < m. Here, we denote by H"’'/ the partial derivative d2\ ■■■df^f and Iqj = 7* 

the multi index 7 = ( 71 ,... , 7 ^) G N'^. By G(M'^) we denote the Frechet space of real-valued 
continuous functions on W^. 


Let "0 be a positive real valued function on (0,1] with = 1 and lim^-j-o-i- ijj(r) = 0. For 
j G No we define a seminorm [f]c-r,->P by 


[f]c-r’^(Rd) = sup sup 
xeK'^o<|fe|<i 

and a vector space of functions by 


\f{x + h) - /(x)| 

H\h\)\h\-^ 


= {/ G C(M'')|[/]c-..^(Kd) < 00} . 


We abuse the notation [n]g;o;,/, = for the convenience. Following [BGT89], for a subinterval 
I on (0, 00) we call a function : / —)• (0, 00) almost increasing if there is a constant c G (0,1] 
such that c'ip{r) < fj{R) for r, R ^ I ,r < R. On the other hand, we call such almost decreasing 
if there is C G [l,oo) such that 'if{R) < C'ip(r) for r,R ^ I and r < R. Recall the definition 
of the indices and from (1.2) and (1.3). Now we can finally define the function spaces 
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Definition 2.1. In the case of G (0,1], let be defined by 

= {/ G C(M'^)|/ G C^{R^) and [f]co:^ < oo}. 

In the case of G {k,k + 1] for some /c G N, let be defined by 

= {/ G I D^f G for all 0 < I 7 I < A: 

and D^f G for all jy] = k}. 


In the case of G {k,k + 1] for some k G Nq, the i/;-H61der norm || • ||(^V' is defined by 

k 

j=0 


Here, we use the notation D^f = f and denote the maximum of C'^-norms and C^^’^-seminorms 
of all k-th. derivatives of / by ||D^/||(^o and respectively. In particular, when A = 1, 

we omit the exponent for the sake of brevity. 


If there is no ambiguity, then we write instead of Let us start with some observa¬ 

tions. Note that for a G (0,1) the two seminorms 


[/]c“ = sup sup 


\f{x + h) - f{x)\ 

|/i|“ 


and [f]c^a = sup sup 

iGR'* |/i|>0 


\f{x + h)- 2f{x) -F f{x - h)\ 
|h|“ 


are equivalent. We prove an analogous property in our more general function spaces. The 
condition a G (0,1) translates to C (0,1) in our setting. To shorten notation, let us write 
first-order and second-order differences as follows: 


^hf{x) = f{x + h)- f{x) and A^/(x) = f{x + h) - 2f{x) -|- f{x - h). 


For the sake of brevity we use the notation 


[[/llcv- = sup sup 

ieiR'io<|/i|<i 


\f{x + h)- 2 /(x) f{x - h)\ 


ip{\h\) 


Triangle inequality gives the trivial inequality 


[[/]]c'/’ — 2[/]c'V>- 

We will show in the following lemma that the seminorm [f]ct is bounded above by the sum 
of II/IICO uud a seminorm [[/]]cV'- Summing up we get the equivalence between the two norms 
ll/llc'/’ and ll/llco + [[/]]cV'- 

Lemma 2.2. Let C (0,1) and f G There exists a constant C = such that 

[/lev- < C (ll/llco + [[/]]cV’) • 


Proof. From the definition of and we choose constants ci G (0,1] and C 2 G [1, 00 ) such 
that 


V’(-R) /^\(A^^+i)/2 


for r < i? < 1 . 


( 2 . 1 ) 


Let n be an integer greater than ( 2 c 2 )^^^^ ^ 1 /-), Por every 0 < |/i| < 1, we have 


n —1 j 

nAh/nf{x) = Ahf{x) - ^(n - k)Al/J{x + -h). 

k=l 

Dividing by ip(\h\), we obtain 

nV’dhl/n) |A;j/„/(x)| ^ |A/i/(x)| ^ n^)\ipUhl/n) 

i^{\h\) ,p{\h\/n) - m\) 
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Using (2.1) with R = \h\ and r = \h\/n and taking supremum over x G and 0 < |/i| < 1, we 
get 


C 2 sup sup 

xGR'^ 0<|h|<l/n 


Afe/(x)| 

i}{\h\) 


< [f]c^ + - 


V)n^ m^/2 
2 ci 


[[/]]c’/'- 


Since i/id^l) > ^2 ^|/i|(^V'+i)/2 > ^2 for 1/n < |/i| < 1, we also have 


C 2 sup sup 

xGR'* l/n<|/i|<l 


l^fe/(a^)l 

iA(|/i|) 


< 2n||/||co- 


Therefore, from the choice of n we obtain 

[f]c^ < 2n||/||co + (2ci)-Hn - l)ni—^/2[[/]]^,, 


which implies the result. 


□ 


This equivalence is allowed for the case C (1,2) by the following lemmas. 

Lemma 2.3. If ^ C (1,2), then for small e > 0 there exists a constant C = C{d,fj,e) > 0 
sueh that 

ll-D/llc-o < C'll/llco + e[Df](j-i-,,ij. ( 2 . 2 ) 

If Iip C (2,3), then for small e > 0 there exists a constant C = C{d,'ip,e) > 0 such that 

ll-^/llco + ll-^^/llco ^ C'll/llco + e[T>^/](^- 2 ;v>. (2.3) 


Proof. First consider the case I^ C (1, 2). Fix 1 < i < d and x be a point in Let ci G (0,1] 
such that 


^ r) ~ 'if(r) ’ 


for r < R < 1. 


The case when [L*i/]c-i;V' = 0 is trivial, so we suppose not. Define N = (||/||co 
if \\f\\c° ^ [Dif]c-r,^ and N = (||/||co/[A/]c-i;>/’)^'^*'^’^^^^ otherwise. We may only consider 
the first case because the proof for the other case is the same. By the mean value theorem, 
there exists x' on the line segment between x and x + Nci such that 


\D.f(^x')\ = + - fix)\ ^ 211/llco 


N 


N 


Thus 


|A/(x)| < \Difix')\ + \Dif{x') - Difix)\ < + cf^[DJ]c-i;^i;iN)N-\ 


N 


With the fact ip{N) < c^ and the choice of N, 

\D^f{x)\ < + 

Taking the supremum over x G and then applying the inequality 

r^g^-S < ^ _|_ r, s > 0, 0 G (0,1), 

we obtain 

IIA/llco < (2 + q ^)(ll/llco + [Dif]c-r,^)- 

By the scaling argument we get (2.2). 

Now, we assume C (2, 3). Let C 2 be a constant such that 


(2.4) 


C 2 


(m,^+ 2)/2 


< 


HR) 

f){r) ’ 


for r < i? < 1. 
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By the above argument used to obtain (2.4), we have 

IIA/Ilco <3||/||J)'o'l|AJ||J('o' 

Thus it suffices to show the second result for the left hand side replaced by ||D^/||(^o. The same 
argument for (2.4) we get 

|A,/(x)| < (2 + c 2 - 2 )||A/llcf^""[A,/]c/™f^ 

< 3(2 + C2-2) ll/ll 

which implies 

WD^fWco < < CsdI/llco + [D^f]c-^:^). 

By the scaling argument we get (2.3). □ 


Lemma 2.4. Assume C (1,2) and f £ C'^(M'^). Then there exists a constant C = C{iIj) 
such that 


for every f = 1,..., d. 


[Dif]c-r,^ < C (ll/llco + [[/]]c’^) ) 


(2.5) 


Proof: Dehne V^(r) := r~^'tl){r). Then C (0,1). First note that it is shown in Lemma 2.2 
that the seminorm [ • [ ■ \c-r,^ii) is bounded by || • ||( 3'0 + [[ • ]](^^. Choose ci > 1 such 

that for every g € 

[g\c-^-,^ < Cl (Ibllco + M]c^) • (2.6) 

Since A/ S for any / € C^, 

[A/]c-i;’^ <Cl(||A/||co + [[A/]]cv;)■ 

We claim that 


[[Dif]]c^<C2{\\Dif\\co + [[f]]c^), i = l,...,d (2.7) 

for some constant C 2 not depending on f. If we prove the claim, then the following estimate 
from Lemma 2.3 below 


IIA/llco ^ (2ci(l + C 2 )) ^[A/lc-i;-^ + csll/llco 

implies (2.5) with C = 2ci(l + C2)(l + C3) . 

In order to prove (2.7) we only consider the case i = 1. The remaining cases can be dealt with 
analogously. For k,h £ we obtain 

|fe||Ai(A/)(x)| 


= \k\Dif{x + h)- A|fc|e^/(x + h) + A|fc|g^/(x + h) 

- ‘^{\k\Dif{x) - A|fc|ei/(x)) - 2A|fe|ei/(x) 

+ 1^1 A/(a: -h)- A|fc|eA(x - h) + /\\j,\^J{x - h) 

< \k\\Dif{x + h)- Dif{x + h + 6'i|A:|ei)| + 2|A:|| A/(a:) - Dif{x + 021^:161)1 
+ l^l| A/(a: -h) - Dif{x -h + 03 |^|ei)| + |A^/(x + \k\ei)\ + |A^/(x)| 


for some real numbers 0i, 02; 03 G [0,1]- Let 64 £ (0,1] be a constant such that 


C 4 


r J ~ 'il^{r) 


for r < i? < 1. 


( 2 . 8 ) 
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If |A:| < |/i| < 1 then the sum of the first three terms is bounded by 

(2.9) 

and the sum of the last two terms is bounded by 

( 2 . 10 ) 

Using (2.6), (2.9) and (2.10) we have 

\k\\^h{Dif){x)\ < 4ciC4 ^([[U>i/]]^,^ + \\Dif\\co)ip{\k\) + 2[[f]]c^il;{\h\) 
for \k\ < \h\ < 1. Taking k = eh with e = gives us 

£M^h(.Dif){x)\ < 4cicJ^([[T>i/]]^,^ + \\Dif\\co)i;{e\h\) + 2[[f]]c^^i;{\h\). 

Dividing both sides by eV’(lhl) and using (2.8), we obtain 

< 4cicJ-V”*-‘)/2([|Di/llo,. + IIO./llc.) +2£-‘|[/11 c* (2.11) 

for \h\ < 1. Taking supremum to (2.11) over x G and 0 < |/i| < 1 we have an inequality 
[[Oi/llc4 < 4 c,c.-"e<’"»-iV 2 ([[Di/ll^.^ + ||Di/||c.) + 2e-l||/|]c, 
which implies (2.7) with C 2 = 1 + 4 ( 8 ciC 4 □ 


By summing up the results in Lemma 2.2, Lemma 2.3 and Lemma 2.4 we get the following 
equivalence. 

Proposition 2.5. Let C (0,1) U (1,2). For f G the norm ll/Hcv- is equivalent to the 
norm 

ll/llco + [[/]]c'^’- 

Proposition 2.6. Assume C (0,1) U (1, 2) U (2,3) and . For any 0 < e < 1, 

there exists C = C(d, V’l, " 02 , e) > 0 such that 

ll/llc’^i ll/llco+e||/||c<^. 


Proof. We first consider the case C (0,1). Let ci and C 2 be the constants such that 
V’i(l^l) > and i) 2 {\h\) < Let ho = (cic^^e)^/*^”^'^ 2 “^V'i). 

If \h\ < ho, then 


^hfix)\^,^, V’2(|/i|) ^ 

— [/Jc °’’^2 I — ^l/Jc°’’^ 2 . 


If ho < \h\ < 1, then 


M\h\) 

Combining the above two inequalities and taking supremum, we have 


V'i(l^l) 
\^hfix)\ 


< 


sup sup 

sgR'i 0<|/i|<l 


Afe/(x)| 

M\h\) 


Li C4||/||co F e[f](jo-,iii2 ■ 


( 2 . 12 ) 


Now we consider the case C (1,2). When C (0,1), it follows from (2.2) that 

ll/llc'/'i ^ csdl/llc-o + ||D/||co) < cell/llco + e[D/]c-i;v- 2 . 

When C (1,2), it also follows from (2.2) that 

ll/llco + l|.I^/llco < csll/llco + e[Df]Q-i-^2- 

Since [Df]Q-i-^ = [Df]^o,,j,, where '4>{r) = r~^ip{r), applying (2.12) to Df with ?/ii and 1/12 
follows that 


— ‘^911/llc'’ F e[Df]Q-i-^2- 
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The remaining case C (2,3) is also proved by the same argument combined with (2.3). □ 


The product rule of derivatives gives us the following lemma. 

Lemma 2.7. Assume C {k,k + l) fork G N. Then, there exists a constant ci = ci{d,k,ip) > 
0 such that 

WfgWc^ < cill/llcv’lbllcv'- 


Proof. By the product rule and the fact that [D^< C 2 ||D-^'''^/||co for j < k we can 
obviously obtain the result. □ 


3 . The translation invariant case 


The aim of this section is to prove Theorem 1.1. Let us recall the main assumptions from the 
introduction. As explained in (1.6), (1.7) we study operators of the form 

^ou{x) = + h)- u{x) - Vu{x) ■ d/i, (3.1) 

where oq : \ {0} ^ [Ai, A 2 ] is a measurable function and Ai, A 2 are positive numbers. The 
domain of this operator Cq contains bounded and smooth functions, e.g., u G C'^(M'^). Recall 
that we assume that ip : (0, 00 ) —>■ (0, 00 ) is a smooth function with </?(!) = 1 and the function 
cj) dehned by fir) = ip{r~^^'^)~^ is a Bernstein function, i.e., satisfies (—l)”'(/)("'l(r) < 0 for every 
n G N. Furthermore, we assume the scaling condition (1.4) or, equivalently, (1.5). 


Our main idea is to apply methods from potential theory. Note that 


v{dh) 


\h\^ip{\h\) 


dh 


dehnes a Levy measure with respect to a centering function This measure u induces 

a strongly continuous contraction semigroup {Pt) on the Banach space C'oo(IR'^) of continuous 
functions from to M that vanish at infinity. We write Coo instead of Coo(M‘^). In fact, {Pt) is 
also a semigroup on but not strongly continuous in general. Denote by = C'^(M'^) the 
space of functions from Coo with the property that all derivatives up to order 2 are elements 
from Coo- The infinitesimal generator {A,T>{A)) of the semigroup {Pt) satisfies Au = Cqu for 
every u G 


Our aim is to study the semigroup {Pt)- To do this, we hrst consider a subordinate Brownian 
motion X with subordinator whose Laplace exponent is cf), see Section 3.1. If we denote by 
{Qt) the semigroup of X, i.e., if 



y)f{y)dy, 


for / G C'oo(IK‘^), then its inhnitesimal generator {L,P{L)) acts on functions / G C'^(M'^) in 
the following form: 


Lfix)=[ {f{x+ h) - f{x)-Vf{x) ■ hl{\h\<i})J{h)dh. (3.2) 

jRd. 


The values of the so-called jumping function J{h) are known to be comparable to \h\~'^(j){\h\~‘^). 
Since (p{r) = 4>{r~‘^)~^, these values are also comparable to appearing in the definition 

of Co in (3.1). That is why estimates of the semigroup {Qt) and its derivatives imply estimates 
of the semigroup {Pt)- 
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3.1. Semigroup of subordinate Brownian motion. Let S = {St,t > 0) be a subordinator 
that is a nonnegative valued increasing Levy process starting at zero. It is characterized by its 
Laplace exponent </> via 

E[exp(—A5i)] = t > 0, X > 0. 

The Laplace exponent </> can be written in the form 

4>{X) = bX+ [ {I — 

J (0,oo) 

where b > 0 and // is a measure on (0, oo) satisfying /(ooo)(^ ^ t)^{dt) < oo, called the Levy 
measure. Here, b and describes the drift of St and the intensity of its jumps of size A. In 
this paper we assume that b = 0, = 1 and limA^oo = oo. Thus 


(/>(A) = [ (1 - e ^^)n{dt). 

J (0,Cxd) 


Let W = {Wt : t > 0) be the d-dimensional Brownian motion with the transition density 
exp (—|xp/(4t)) independent of S. Define a subordinate Brownian motion X = {Xt : 
t > 0) hy Xt = Wsf The characteristic function of X is given by 

and X has the transition density 

®(*.=') = 7Tn3/' 

(2vr)‘* J^d 

Furthermore, if we denote the distribution of St by r]t{dr) = ¥‘{St G dr) then qd{t,x) is the 
same as 



Thus qd{t, x) is smooth in x. Moreover, its Levy measure has a rotationally symmetric density 
J{x) = j(|a;|) with respect to the Lebesgue measure given by 

roo 

j{r)= / (47rt)-'^/2g-rV(4i)^(^i), 

Jo 

Note that J is the same function as in (3.2). 

In order to obtain the necessary estimates on the semigroup of subordinate Brownian motion 
we make use of estimates on the transition density and its derivatives. In [KKK13] the authors 
obtain upper bounds of spatial derivatives of qd{t,x) when (j) has a certain scaling condition. 
For our purposes a weaker version than [KKK13, Lemma 4.1] is sufficient. We formulate this 
result without a proof. 


Theorem 3.1. Suppose (p satisfies condition (1.4). There exists a constant C >1 such that 
the following inequalities hold: 


t(p{\x 


qdit,x) X ^{t ^)'^/^ A 

\D\d{t,x)\ < Cr'(f')"/' (<p-\t-Y" A 


(3.3) 


t4>{\x 


- 2 ^ 


| 7 |=A: 


for every fc G N and for all (t, x) G (0, cx)) x M'^. 


(3.4) 
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Corollary 3.2. Suppose (p satisfies condition (1.4) and A: € N. There exists a constant C 
depending only on k, 01 , 02 , 61,62 and d such that for every multi-index 7 with I 7 I = k, and 
every bounded function f 

\D^Qtfix)\ < Cp-\t-^)^/^\\f\\co, t € (0,oo),x E M'". 

Proof. Comparability of the heat kernel qd{t,x) and A {tp{\x\~‘^)\x\~‘^') from (3.3) 

and estimate (3.4) imply 

\D'^Qtf{x)\< [ ci(p~\t~^)'^^^qd{t,x-y)f{y)dy <ci(l)~^{t~^)’^/‘^\\f\\co 

for every multi-index 7 with \'y\ = k. □ 

3.2. Proof of Theorem 1.1. The aim of this subsection is to prove Theorem 1.1. Recall 
that (Pt) is the semigroup corresponding to the infinitesimal generator A. Let Cq > 1 be the 
constant that ensures 

C^^\h\-M\h\)-^ < J{h) < Co\h\-^y^{\h\)-^ { 0 }). 

An immediate consequence is that 

The derivative estimates of {Qt) from Corollary 3.2 imply estimates of (Pt) as the next result 
shows. 

Theorem 3.3. If f ^ C^, then Ptf is C'°°(M'^) for t > 0 and for each multi-index 7 with 
I 7 I = k, there exists C > 0 (depending on k) such that 

\D^Ptfix)\<Cip-Ht)-’^\\f\\co. 


Proof. We define 

£lf{x) = [ (fix + h)- fix) - V/(x) • /i1|;,|<i)(A2Co)-'J(/ i) dh 

jRd 

and C 2 f{x) = Cofix) — Cifix) for every / E C'j(M‘^). Let Ql and be the semigroups 
whose infinitesimal generators are Ci and C 2 respectively. Then Pt = QlQt- Since Ql is the 
semigroup of the deterministic time changed process considered in Theorem 3.1, we can apply 
it to Qt- Using the contraction property of Qt, we get 

\D'^Ptfix)\ < ci(f-^it)-^\\Q^f\\co < C 2 ip~^it)~^\\f\\co- 

□ 


Recall that we denote the interval of scaling orders of fi by 
potential operator as 



Ptfix)dt 


[m^,M^]. We define the 


when the function t 1 —>■ Ptfix) is integrable. We want to prove that R takes functions in 
into functions in C‘^^, provided that both and contain no integer and Rf is bounded. 


Lemma 3.4. Let p he a non-negative C°° symmetric function with its support in i?(0, 1) such 
that Jgjj pix)dx = 1, and let pfix) = e~'^pix/e). Define /e = / * Pe- Then for a function fi with 
Ip C (0, 1) there exists a constant C > 0 such that 

\\ f - fe \\ co < C \\ f \\ c ^ fiie ), 

WD'^feWco < C\\f\\c^fiie)e-\ 


k>l. 


(3.5) 

(3.6) 
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Proof. (3.5) follows from 

\f{x) - fe{x)\ < WfWc^ [ 'il;{s\y\)p{y)dy < ci\\f Wee'll;(e). 

JR'* 

In the last inequality we used the fact that is almost increasing. Using D'^p{y)dy 

0 for I 7 I > 1, we can get (3.6) from 


\DVeix)\ 


[ {fix-y) - f{x))D^ps{y)dy 
jRd 


<e [ \f{x - ey) - f{x)\\D'^piy)\dy 

<C 2 \\f\\c*^^ [ \D'^p{y)\dy 
e jRd 


for every x € and lyj = k. 


□ 


Proposition 3.5. Suppose lip d {d,l) andC (0,1) U (1, 2). If f € and ||i?/||(^o < 00 , 
then Rf € and there exists C not depending on f such that 

\\Rf\\cr^<C{\\f\\c^ + \\Rf\\co). 


Proof. By Proposition 2.5 it is enough to show that is bounded by ||/||c</' + ||.R/||cO' 

Since |A|(i?/)(x)| < 4||i?/||co for any x G we may assume \h\ < 1. First we show 


if (S) 

By the Taylor’s theorem, Theorem 3.3, and (3.5), 

|A|(P.(/ - /,))(x)| < Ih^D^P^if - mco 


(3.7) 


C 2 




(f i(s)' 


C3 




if i(s)' 


■\h?\\f-fe\\c^ 

■\h\H{em\c^. 


Since A| and Pg commute and Pg is a contraction semigroup, (3.6) implies 

|A2(P,/,)(x)| = \Pg{/\lfg){x)\ < ||A|/,|ba < C 4 |hp^||/|b,. 


(3.8) 


(3.9) 


Letting e = (p ^(s) and combining with (3.8), we obtain (3.7). 

Let (T be a small number such that M^p + + 2a < 2. Using (3.7) and noting Mp + Mp < 2, 

we have that for \h\ < 1 , 


r 

i^{\h\) 


^h{Psf){x)\ds < C4|/l|^||/||cV' [ 

J QJ 


< C5\h\‘^\\f\\c^ 


^(\h\) 

V’(l^l) 

|h|2 


f-\sf 


f 


-ds 


\h\ 


if i(s) 




ds 


< C6\\f\\c^'ipi\h\) j 

J^{\h\) 

< c^ip{\h\)'^|:{\h\)\\f\\c^ 




{2—Miji—cr)/(Mip+u) 


ds 


Also the Holder continuity of / gives 

\^hiPsf){x)\ = \Pg{Alf){x)\ < WAlfWco < csll/llcv-V’d^l), 


(3.10) 
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and thus 


/ 


V{\h\) 


\^liPsf)ix)\ds < C8\\f\\c^ip{\h\)ijj{\h\). 


(3.11) 


Since |A|(P^/)(x)| < \\D^Psf\\co\h\'^ < CQ(p ^(s) ^||/||co and f^ip ^(s) '^ds < oo, 




/ OO 

ip~'^{s)~^ds < cioip{\h\)xlj{\h\)\\f\\co. (3.12) 


Adding (3.10), (3.11), and (3.12) we conclude 

\^hW){x)\ < cn\\f\\c^ip{\h\)i;{\h\). 


□ 


Finally we consider the case when C (2, 3). 

Proposition 3.6. Suppose C (0,1), and C (2,3). If f and \\Rf\\co < oo, then 

Rf G and there exists C not depending on f such that 

\\Rf\\cr^<Cmc^ + \\Rf\\co)- 

Proof. Since = [m^,M^] C (0,1) and = [mip + m^,Mp + M^] C (2,3), necessarily 
nip, > 1. Define (p{r) = r~^ip{r) then Ip^ C (1,2). In view of Proposition 2.5 it suffices to show 

[[DRf]]c^^<ci\\f\\c^. (3.13) 

Fix i and let Qsf{x) = Di{Psf){x). From Theorem 3.3 we have 

WD^QsfWc^ <C2ip-\s)-^\\f\\c^. 

Note that Qs is translation invariant. As the proof of Proposition 3.5 we assume \h\ < 1. 
Analogously to (3.8) and (3.9), 

|A?,(Q,(/-/,))W| < 

and 

|Al(g,/,)(x)| < \h\^\\D^Qsfe\\co < cM^WD^feWco < C6|/Ip^||/Ilc^. 

Taking e = ip~^{s) we obtain 

|A?,(Q./)W| < C6|/ip^AAA||/|lc». 

(/? (sj'^ 

Integrating the right hand side with respect to s over the interval [(/j(|/i|), 1) yields C7(^(|/i|)V’(|/i|)||/||c’/’ • 
On the other hand, 

\^h{Qsf){x)\ < C8^-^{s)-^\\Alf\\co < 2c8^-^is)-^'ip{\h\)\\f\\c^. 

and integrating this bound over the interval (0, <y9(|/i|)) yields C 9 <^(|/i|)V'(|/i|)||/||(^V'; we use 
nip > 1 here. Since |A^Qs/(x)| < cio\h\‘^\\f\\(joip~^{s)~^ and (p~^(s)~^ds < oo, 

/ OO POO 

l^h(Qsf}(x)lds < cio|/i|^||/||co ip~'^is)~^ds < cii<^(|/i|)V’(|/i|)||/||co- 

Therefore 

\AiiD,Rf)ix)\<cummmf\\c^, 

which yields (3.13). □ 


Now, the proof of Theorem 1.1 follows by the preceding propositions. 
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Proof. [P roof of Theorem 1.1] According to the assumptions of Theorem 1.1 the function u is 
an element of H Coo(K'^). Without loss of generality we may assume that u belongs 

to C^(M^) n and thus to the domain P(A) of the infinitesimal generator {A,T>{A)) 

of the semigroup {Pt)- Because we may convolve u with a mollifier like in Lemma 3.4. Then 
Us = u * ps is a smooth function vanishing at infinity and satisfies the equation CqUs = f * Pe- 
We would then obtain the estimate claimed in Theorem 1.1 for Us- Since the three norms in 
this estimate converge for e —> 0 , the desired estimate for u would follow. 

Recall that the infinitesimal generator (A, P(A)) of the semigroup (Pt) satisfies Av = Cqv for 
every v £ and Cq as in (3.1). Denote by {R,P{R)) be the potential operator of (Pt), 

i.e., ^ 

Rf = lim [ Psfds. 

t^ca Jq 

Note that in general the potential operator is not identical with the zero-resolvent operator 
{Rq,P{Ro)). However, the property that 

t 0 as t —>■ oo for every v £ Coo 

from the translation invariance implies that {R,T>{R)) is densely defined and R = Rq = 
—A~^ [BF75, Proposition 11.9]. Hence u = —Rf and we can apply Proposition 3.5 and 
Proposition 3.6 from above. □ 


4. Proof of Theorem 1.2 


The aim of this section is to prove Theorem 1.2 using Theorem 1.1 and a well-known pertur¬ 
bation technique. Let us first establish some auxiliary results. 


We show that (1.5) implies 

r°° ds C , , 

/ —TT - (^ > 0) > 

Jr s<p[s) (p{r) 

where C is some positive constant. The second inequality in (1.5) with A 

(p{s) > ai{s/rf^^p{r). 


(4.1) 


s/r implies 


The above observation (4.1) now follows from 

ds f°° ds _ 1 

X sv 9 (s) “ ip{r) X 2 ai6iip{r) ' 

Let B{x, r) denote the ball of radius r centered at x. Let p £ C'^(M'^) be a cut-off function which 
equals 1 on B{0, 1), equals 0 on B{0,2y and satisfies p £ [0,1]. Let pr^xo{x) = p{{x — Xo)/r). 
When there is no ambiguity we write p instead of Pr,xo- 

Proposition 4.1. Assume Ip C (0,1), I^p C (0,1) U (1,2) U (2,3), u £ and f £ 

C''^(M'^). Suppose that for each e > 0 there exist r > 0 and ci > 1 depending on e such that 

lk^?’,a;ollcv”^ ^ Ci(|]/]](^V> + llttllco) + (4.2) 

for all xo £ Then there exists a constant C such that 

< C'dl/llc”^ + Ikllco)- 


Proof. First, we consider the case I^p C (0,1) U (1,2). Set £ = 1/2 and choose r and ci 
satisfying (4.2). For any xq £ M'^, if \h\ < r then A|m(xo) = Af^{upr^xo)ixo), and (4.2) yields 

\Alu{xo)\ < Wupr^xoWcr^TilhD'fpilhl) < (ciWfWc^+ci\\u\\co+ ^\\u\\c<pA p{\h\)i;{\h\) 
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On the other hand, if r < |/i| < 1 then the fact that > C 2 for any s G [r, 1] yields 

\Alu{xo)\ < 4:C2^\\u\\co^pi\h\)i/;{\h\). 

Combining the above two inequalities we obtain 


sup sup 

Therefore we obtain 


|A^(x)| 


^ Cill/llc'V’ + Ci(l + 4 c2 ^)||w||cO + o Ikllc^’V' 


uWcv^ ^ C3 dl/llcV' + ll'^^llco) • 


Now we consider the case when C (2,3). Let ip{r) = r ^(p{r). By the definition of 
and Proposition 2.5 it is enough to show that 

||Drt||c 70 + < C4(||/||(^v + ll^llco)- 

For e = 1/4 choose r satisfying (4.2). We use the same argument above to obtain that if \h\ < r 
then 

\Al{Du){xo)\ < (^c^WfWci^ + csllullco + ^\\u\\c^^^ (^(l/iDV'dhl) 

for any xq € On the other hand, if r < |/i| < 1 then the fact that (^(s)i/(s) > cg for any 
s G [r, 1] yields 

\Al{Du){xo)\ < dcgdl^^^llco^^d^DV'd^l)- 

Combining above two inequalities and we get 

< C7(||/lbV' + ll^^llco + ll^'«llco) + 
xeR'^o<|/x|<i V^d^DV’d^'l) 4 


By Proposition 2.6 we have 

\\Du\\co < csIImIIc-o + (4(1 + C7))"dl^^lb^V', 

which implies 


pull CO + sup sup 


\Al{Du){x)\ 


—J- ““J- -(\U\\I(\-L\\ A cg (||/||g;V' + Ibllco) + T^lblbvV'- 


Therefore we obtain the desired estimate 

lbllc¥>-0 < Ciodl/llc’/’ + Ibllco)- 


□ 


Before proving the main theorem, we give an auxiliary inequality, which we will often apply. 


Lemma 4.2. Let iL : (0,1] —>■ (0,oo) be a function with < mijt. 
C* > 0 such that for any 0 < r < 1, 



^(bl ^ 4'(r) 

\h\<^ip{\h\) - <p{r)' 


There exists a constant 


(4.3) 


Proof. Let a = (m>if — M^p)j3 > 0. By the definition of I^p and there exists a constant 
Cl > 0 such that for 0 < \h\ < r, 

4^(bl) ^ . (|h|/r)"-'^-T(r) ^ 

ip{\h\) ~ ^ {\h\/r)^^r+^(p[r) ~ ^ ip{r)' 


It follows that 



-lMLAh<r ^ 

\h\^^p{\h\) - ^ip{r) 



(.\h\/ry 

\h\<i 


dh < C2 


'L(r) 

(f{r) ■ 
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Combining this with (4.1), we get the result. 


□ 


Let H he a function defined by 


H{x) = / {u{x + h) — u{x)){r]{x + h) — r]{x)) 


a(x, h) 

\h\'^^{\h\) 


d/i. 


Lemma 4.3. Let e > 0 be a small constant. Assume that condition (1.11) is satisfied. If 
u G , then there exists a constant C = C{r,e) >0 such that 




Proof. Observe that 

|Afett(x)| < 

and 

|A/ir/(x)| < 


2||n| 


CO, 


if C (0,1), 


2(||u||co + \\Du\\co){\h\ A 1), if C (1,2) U (2,3), 




if C (0,1), 


2(||^||co + mWco) A l) , if C (1, 2) U (2, 3). 


(4.4) 


(4.5) 


When C (0,1), using (4.4) and (4.5) we get 


4||«IIc.|I'!|Ic.. [ci,) (^ A i) 


< 


< -?-^l|u||co. 


dh 


‘fir) 

We used (4.3) with 4'(t) = {(p'tp){t/r) in the last inequality. When C (1,2)U(2,3), by (4.4), 
(4.5), and (4.3) with d>{t) = {t/r)‘^, we get 

|4fWI<^(Hlc« + l|Oa||c.). 

fir) 

By Proposition 2.6, we can find a constant C 3 = C 3 (r, e) > 0 such that 

\\H\\co < C3(r,e)||n||c-o +e\\u\\c~p,p, 
whenever 7,^^ C (0,1) U (1, 2) U (2,3). 

Now, we consider |Afci7(x)| in order to estimate the i/^-Holder seminorm of H. We may assume 
|fc| < r because \AkH{x)\/ipi\k\) < C 4 \\H\\(jo/fiir) otherwise. Observe that 

dh 


',H{x)= / AkAhuix) AhT]ix)aix+ k,h) 
jR'i 

/ Ahuix) AkAhriix)aix + k,h) 

jRd 


+ 


+ 


fil^^ipilhl) 

dh 


\h\<^ipi\h\) 

C d/i 

A^,(x) A,(a(., A))(x) 


=: I1 + I2 + h- 
Thus it suffices to show that 

|A| + 1-^21 + Ihl < '0(l^l)(c5ll'^^llco + ^ll'^llcv’-^) 

for some constant C 5 = c^ir,£) > 0 . 


(4.6) 
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For I III, it follows from the facts u G C‘^'^ and rj G (7°° that 

C (0,1), 
C(l,2), 
C (2,3), 

for some constant cq > 0, where d is a function on (0,1] defined by 


\AkAhu{x) Ahrj{x)\ < cq ■ < 


ll“llc*’/'(l';|) (*r m) , 


jF|7u 

(||Da||c. + ||0=u||c.)|t|(|ft|M)(™M 


11" 

11* 

if 


Note that the exponent of a is greater than both 1 and M^. Since r is less than one, we can 
apply Lemma 4.2 with 'Li(t) = f/r, 'I'2(t) = a{t/r), and 'I'3(f) = {t/r)‘^ for each cases. Then 
we have 


l^i|< 


C7A 

Lp{r) 


Ikllcv-'0(1^1), 

• < ||n||c'^|fc|. 


S\\Du\\co + \\D^u\\co)\k\, 


if C (0,1), 

if C (1,2), 

if C (2,3), 


for some constant C7 > 0. By the fact |fc| < cs'il>{\k\) and Proposition 2.6, there exists a constant 
cg = cg(r, e) > 0 such that 


|/i| < V’(|A:|)(c9( 


whenever C (0,1) U (1, 2) U (2,3). 

For I/2I + IL3I, we first consider the case C (0,1). Since \AkAhr]{x)\ < cio Alj ip 
we have 

\Ahu{x)AkAhri{x)a{x + k,h)\ < 2cioA2||tt||co A 1^ V' (’^) ' 

Similarly, the facts that |A/j7y(rE)| < cn A 1^ and (1.10) implies 

\Ahu{x)Ahr]{x)Ak{a{-,h)){x)\ < 2ciiA3||tt||co A 1^ V’d^D- (4.8) 

By integrating (4.7), (4.8), and then applying Lemma 4.2 with 'l'(t) = t/r, we can obtain 

| 42 | + | 43 | < -^\\u\\co4’{\k\) 

(p{r) 

for some constant C12 > 0. When C (1, 2) U (2, 3), we just use 

\Ahu{x)\ < 2(||u||co + \\Du\\co){\h\ A 1), 

and apply Lemma 4.2 with 4'(t) = (t/r)'^. Finally, we use Proposition 2.6 to obtain (4.6) 
whenever C (0,1) U (1, 2) U (2,3). □ 


Let xq be a fixed point in and b{x, h) = a(x, h) — a{xo, h). When < 1, we define Bv{x) 
by 


Bv(x) = jjvix + h)- Ah. 

When Mip > 1, we define Bv{x) by adding a gradient term as 

r b(x /i) 

+ h)- v{x) - Vu(x) • fel{|fe|<i}) |^|rf^’^|^|^ dh. 









SCHAUDER ESTIMATES 


18 


Lemma 4.4. Let e > 0 be given. Assume < 1, C (0,1) U (1,2), and that condition 
(1.11) is satisfied. Then there exists r = r(e) € (0,1/4) such that for every v € with its 
support in B{xo,2r), 

for C = C{e) > 0 


Proof. Let i; be a function with its support in B{xo,2r) for 0 < r < 1/4. We first obtain a 
bound of the C'*^-norm of Bv. If x ^ B{xQ,3r), then v{x) = 0 and v{x + h) = 0 for \h\ < r. 
Thus (4.1) yields 


\Bv{x)\ = 


f b{x,h) 

l\h\>r ^ '\h\M\h\) 


< ll^llco 


2A2dh Cl 


'\h\>r l^l'^V^(|/i|) T{r) 


(4.9) 


Let us look at the case x € B(xQ,3r). Note that, in this case, \b{x,h)\ < C2A3i/(r) for every 
/i G M^. Observe that 


|A/iU(x)| < 


if C (0,1), 

if C (1,2), 


(4.10) 


2||i;||c‘^cr(|/i| A 1), 

^2(||u||co + \\Dv\\co){\h\ A 1), 

where tr is a function on (0,1] defined by 

_ fiM^+m^+m^)/2 ^ 

Note that = {M^p + + m.fi)/2. Applying Lemma 4.2 to its integration with 

^{t) = a{t) when I^p.^p C (0,1), and with ^(t) = t when C (1, 2), we get 

\Bv{x)\ < csfiir) ■ I ^ 5°’^!’ (4-11) 

lllHIco + ll^^llco, ifI^v,C(l,2). 

It follows from (4.9) and Proposition 2.6 that 

\\Bv\\co < C4||c||co + {£/h)\\v\\cv^ (4.12) 

for some constant C4 = C4(r, e) > 0. 


In the next step we estimate the ^/-Holder seminorm of Bv. If r/2 < |A:| < 1, then (4.9) and 
(4.11) yield 

|Afc(gu)(x)| ^ c^\\v\\co c^fijr) j\\v\\c<r, if ^(flp C(0,1), 

fi{\k\) - if{r)i}{r/2) fi{r/2) \ (||c||co + l|L>x||c-o), if C (1,2), 

By the fact fi{r) < CQfi{rI2) and Proposition 2.6, the quotient for r/2 < |/c| < 1 is 

bounded by 

Cl{f,£)\\v\\co + (4.13) 

Now consider the case \k\ < r/2. First suppose x ^ B{xq, 3r). Then v{x + k) = v{x) = 0 and 
v(x + k + h) = v{x + h) = 0 for \h\ < r/2. Thus, the inequality \Akv{x + h)\ < ||r||( 7 V’V’(l^l)! 
(4.1) and (1.10) yield 


\Ak{Bv){x)\ = 


dh 


/ (v(x + k + h)b(x + k,h) - v(x + h)b(x,h)),, ,, ,,,,, 

'\h\>r/2 \hrTi\h\) 


< 


f , , , ,,, 2A2 dh f 

/ |Afcr(x + h)| + / 

'\h\>r/2 m ‘P[\h\) J\h\>r/2 




\h\^ipi\h\) 


< 2(A2 + A3)(||r||(3rv, + ||c||f;o)i/(|A:|) 
C8 


dh 


\h\>r/2 \h\^T{\h\) 


< 


Vj(r/2) 


ll^^llcv-V’(l^l) 
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By Proposition 2.6 we get 

\/\k{Bv){x)\ < (c9(r,e)||i;||c-o + (e/5)||?;||c^V')V’(l^l)- 
Now suppose X G B{xo,3r). We decompose the integral into two parts as follows 

Ak{b{-,h)){x) 


(4.14) 


Ak{Bv){x) = 

jR'i 

= : l4: + h ■ 


. . , .b(x + k,h) ,, 

AfcAfeu(x) dh + 


\h\^^p{\h\) 


f A/iu(a 


\h\^ip{\h\) 


dh 


For /4, we observe that x + k G i?(xo,4r) and \b{x + k,h)\ < cioV’(^) since |A:| < r/2. When 
lip’ll) C (0,1), by the inequality 

\AkAhv{x)\ < 2\\v\\cv>’4’i<fi’){\h\ A \k\), (4.15) 

and (4.3) with d/{t) = we obtain 

{ip^){\h\ A |A:|) 


1^1 < 2cio'il’ir)\\v\\cip)i) [ 
JR^ 


dh < cu'ilj{r)\\v\\c<pip'ip{\k\). 


iRd \h\^vi\h\) 

If Iipii, C (1,2), the following inequality is used instead of (4.15), 

if\h\<\k\, 


\AkAhv{x)\ <2 - < 


Mv\\c^^i\k\), 


if \k\ < \h\ < 1, 
if \h\ > 1. 


By the integration and Proposition 2.6 we obtain 

|^4| < ci 2 'il^{r){\\v\\co + \\v\\c<fi,p)'ip{\k\), (4.16) 

whenever C (0,1)U(1,2). 

Since \Ak{b{-,h)){x)\ < 2Aijj{\k\) for every h € (4.10) and the continued argument yields 

141 < (cialbllco + (e/5)||i^||cv>v-)V’(l^l), (4-17) 

whenever C (0,1) U (1,2). Combining (4.12), (4.13), (4.14), (4.16) and (4.17), we have 
\\Bv\\c)i) < ci4(r,e)||u||c-o + ci2V'(t)||w||cv>v-+ (4e/5)||u||c<p^ 

Choosing r such that ci2 V'(^) ^ e/ 5, we can obtain the result. □ 


Lemma 4.5. Let e > 0 be given. Assume M^p > 1, C (1,2) U (2,3), and the condition 
(1.11) is satisfied. In the case 1 ^ Ip we further assume a{x,h) = a{x,—h) for all x,/i G M'^. 
Then there exists r = r(e) G (0,1/4) such that for every v G with its support in B{xo, 2r), 

< 411x11(70 +e||x||cvv> 

for C = C{e) > 0. 


Proof. For the C^-norm of Bv, the only difference from the proof of Lemma 4.4 is that we 
replace (4.10) with 


\Ahv{x) - Vv(x) ■ < 


2||x||(75a'(|/i| A 1), 

2 {\\v\\c. + \\DMcom^Al), 


if Iipip C (1,2), 
if Ip^ C (2,3) 


where d is a function on (0,1] defined by 


Then we have from (4.2) and Proposition 2.6 that 


\\Bv\\co < ci||x||,70 + {e/5)\\v\\c^,p 


for some constant ci = ci(r, e) > 0. 
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For the ?/)-H51der seminorm of Bv, firstly we can use the inequality (4.13) without any change. 
We can also use (4.14) as it is, because Vv{x + k) = Vu(x) = 0 for |A:| < r/2 and x ^ B{xQ,3r). 
Now suppose X G B{xo,3r). This implies \b{x + k, h)\ < C 2 'ijj{r) for any /i G and |A:| < r/2. 
We have 

C d/i 

Ak{Bv){x) = / {AkAhv{x) - Ak{Vv){x) ■ hl^\h\<i})b{x + k,h)- 

jR'i I 

+ / {Ahv{x) -Vv{x) ■ hl^h\<iy)Ak{b{-,h)){a 

jR'i 

= h + Ij- 

If C (1, 2), then we have 


\h\<^ip{\h\) 
dh 

\h\<iip{\h\) 


\AkAhv{x) - Ak{Vv){x) ■ hl{\h\<i}\ < 2 • < 


Taking the integration, we get 


v\\c^i,{ipip){\h\), 

MvWc^'ipilkl), 


if \h\ < \k\, 

if \k\ < \h\ < 1, (4.19) 

if \h\ > 1. 


I^el < 


J\h\<\k\ l”-r^(l^l) 


+ 


+ 


f ..n II \h\{^^){\k\) C2^{r) 

l\k\<\h\<r^ \k\ ■ \h\M\h\) 


< C 3 'il^{r){\\v\\c^ + \\v\\c'p^)'^Pi\k\). 

For the case 1 G /^, the additional assumption that a{x,h) = a{x, —h) for x, /i G allows for 
the integrand over the region {h gM'^ : \k\ < \h\ < 1} to be reduced to 


\AkAhv{x)\ < 2 ||'(;||cv>»a 

If C (2, 3), then we just replace (4.19) with 


\h\ • 


|^|2 5 

Tiler’/’ |/j| , 


if \h\ < \k\, 
if |A:| < \h\ < 1, 
if \h\ > 1. 


\AkAhv{x) - Afc(Vr)(x) • < 2 • <| | 

\\v\\c^'ilj{\k\), 

Hence applying Proposition 2.6 to || ■ ||(^V’ and || • implies 

\h\ < Ci^|J{r){\\v\\co + \\v\\c^^)^l’{\k\), 

whenever C (1, 2) U (2, 3). 

For It, we use \Ak{b{-, h)){x)\ < 2A3i/(|/c|) and (4.18) to get 

Id?! < {cb\\v\\co + (e/5)||x||cv.V’)i/(|A:|), 

for some constant C5 = C 5 {r,e) > 0. By summing up the above result and choosing r such that 
C 4 'ijj{r) < e/5, we get the result. □ 


Remark. In the proof of Lemma 4.4 and Lemma 4.5, the fact that b{x, h) = o(x, h) — a(xo, h) 
is only used to estimate I 4 and Iq. It allows us to find r depending on e. If we fix e as a 
number, then we can replace 6(x, h) with a(x, h) and obtain 

WCr^Wci^ < C. (4.20) 

for a constant C depending on r. 
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We are finally ready to prove our main result. 

Proof. [Proof of Theorem 1.2] By Proposition 4.1 it is enough to show that for any e > 0 there 
exist positive constants r and ci such that for all xq G 

\Wvr,xo\\c‘p* < cill/lbv' +ci||n||co +e\\u\\c>P^ . (4.21) 


First we consider the case < 1. We define a freezing operator 

and B = C — Cq. Let v{x) = u{x)r]r,xo{x) ■ As we mentioned at the beginning of this section we 
write rj instead of i7r,xo- Observe that the identity 

Ah{uri){x) = r]{x)Ahu{x) + u{x)Ah'n{x) + Ahu{x)Ahr]{x), 


yields 


Cv{x) = r]{x)Cu{x) + u{x)Crj{x) + H{x), 

where H is defined by 

H(x)= 

Then we have 


Cqv{x) = r]{x)f{x) + u{x)Crj{x) + H{x) — Bv{x). 

Theorem 1.1 now implies that with some constant C2 > 1 

lbllc¥=v- < C2(||r?/ + uCr] + H - Bv\\c-<p + Ibllco)- 
Choose r > 0 from Lemma 4.4 such that 

IISullcV' < Csibllco + (2c2)“^|b||cv>A- 

It is obvious that ||f?/||cV' < C4||/|bv'- It follows from (4.20) and Proposition 2.6 that 

WuCt^Wc^ < cellttjjco + (4c2)“b||rt|b<^>V'- 

Finally, (4.3) implies that for a given e > 0, there exists a constant cy = C7(r, e) > 0 such that 

— C7lbllc° + (4^C2) ^e||w||(7vV'- 

Hence (4.21) holds true. For the case > 1, we denote a freezing operator by 
^ou(x) = “ Vix(x) • d/i, 

and B = C — Cq. Then we have 


Cqv{x) = r/(x)/(x) + u{x)Crj{x) + H{x) — Bv{x). 

Using Lemma 4.5 instead of Lemma 4.4, we get the result from the same argument above. □ 
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5. Continuity of C 


In this section we provide the proof of Theorem 1.3. 

Proof. [Proof of Theorem 1.3] We first consider the case < 1 that C is defined by 

Cu(^) = jju(x + h)- dft. 

We observe that 


\Ahu{x)\ < 2 \\u\\cv>4’ 


J(<y9V>)(|/l| A 1), 4^C(0,1), 

Al, /<p^c(l,2). 


I 


It follows from Lemma 4.2 that \Cu[x)\ < ci||n||(^¥=V' for all x € For the seminorm of Cu, 
we know that 


Ak{Cu){x) = / AkAhu{x) 


a{x + k, h) 


dh + 


/ Ahu{a 


\h\'^if{\h\) 

For the case C (0,1), we have 

\AkAhu{x)\ < 2\\u\\c>p^{(p'tp){\h\ A \k\), 

and, if C (1,2), then 


Ak{ai-,h)){x) 

\h\<i(p{\h\) 


dh. 


\AkAhu(x)\ < 4||n||c;v>V' • < 


(y’V’)(|fc|) I 

\k\ I 


\h\<\k\, 

1771— \k\, \k\ < \h\ < 1, 

X|A:|), \h\ > 1. 


We used Proposition 2.6 with the assumption in the last case. By integrating the above terms 
with respect to h and using assumption (1.10) and Lemma 4.2, we get 

\Ak{Cu){x)\ < C 2 \\u\\cv>^'ip{\k\) 
for every x € and \k\ < 1, which implies [Cu]qo-,^ < 

For the case > 1, the operator that we consider is given by 

+ h)- u{x) - Vu{x) ■ dh. 

When 1 ^ I^p, similarly to the above case, we only need to observe that 

\Ahu{x) - Vu(x) ■ hl{|,j|<i}| < 2||n||c;<^v- • | 
and if C (1,2), 

\AkAhu{x) - AfcVri(x) • hl{|,j|<i}| < C2,\\u\\cv>i’ 
and if C (2,3), 

\AkAhu{x) - AfcVn(x) • hl{|;j|<i}| < C4\\u\\cv^ 


{ip'4)){\h\ M), /<^^C(1,2), 

A 1)2, I^^C(2,3), 


' (‘PV’)(l^|A|fc|) IT I 
- \h\A\k] -|A|) 


< 1 , 
> 1 , 


(5.1) 




WOOMi |/j|2 

\kp I I ’ 

Mp|A||t|, 

IV'(I^I), 


|h|<|A;|, 
\k\<\h\<l, 
\h\ > 1 . 
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When 1 € 1^,, it is easily shown C (1, 2), and we can replace the indicator function 
in (5.1) with from the symmetry of /i i—)• a{x,h). Thus we replace (5.1) with 


\AkAhu{x) - AfcVu(x) • < C3\\u\\c^^ ■ 


— m — 1 * 1 ’ 

.V'(lfel), 


Calculations similar to the case < 1 give rise to the result. 


\h\<\k\, 

\k\<\h\<l, 

\h\>l. 


□ 
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